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Abstract- The aim of the present paper is to investigate a certain subclass S*(A, B, p, 5) of starlike function and

obtain the sharp upper bound of the functional ‘a3—,ua22‘ for the analytic function

f(z)=z+a,z’ +a,2° +---, |z| < 1 belonging to this subclass of starlike function.
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1 INTRODUCTION

Let A denote the class of functions of the form 3— 4,u if 1< 0

f(z)=z+a,2% +a,2% +--- @ ‘aa_ﬂazz‘g 1+exp[1_ﬁj if 0<u<l

Which are analytic in the open unit disc
U=z:z¢ C;|Z| <1 and let S denote the class of

functions in A that are univalent inU . L. L . .
This inequality is very much helpful in determining
. . estimates of higher coefficients for some subclasses S
In 1916, for the functions f(Z) € S, Bieber Bach [4, (See Chhichra [1], Babalola [3]).

5] proved the result|a2| < 2. In 1923, for the same
Now we define some subclasses of S. Let

functions, Lowner [2] proved that|a3|S3. With

_ 2 3,
these results|a2| <2 and|a3| < 3, for the class S it f(z)_ Z+8,2° +8,2° +- € A

was very easy to draw out the relation between a, and satisfy the condition
and a§ . With the help of Lowner’s method , Fekete 7f '(Z)

. R >0, zeU
and Szego [6] proved the following well known resul f (Z) J

is univalent starlike function and denoted by

28


mailto:meetgur111@gmail.com1
mailto:chatinderkaur@gmail.com2

International Journal of Research in Advent Technology, Vol.5, No.11, November 2017
E-ISSN: 2321-9637
Available online at www.ijrat.org

S* and a subclass
1+ Az
S*(A, B):{f( z)e A ((Z)) 1 B where

-1<B<A<lzeU

It is obvious that S* (A, B) is a subclass of S™.

We introduce a new class as

(p)={ 1A B2 s o

Symbol < stands for subordination.

Analytic bounded functions: Class of analytic
bounded function is of the form

Zcz w(0)=0,w(z) <1

Itis known that |c,| <1|c,| <1-c,|".

2 FEKETE-SZEGO PROBLEM
Our main result is the following

2.1 Theorem

Let the bounded function W(Z)= C,z +CZZZ +---
and f(Z)e S*(A, B, p,5), then

(A-B) U+V (A= B)
(2p-1)| 2Bp? —1)A-B) (2p-1)”
if < A;
5(A-B)
3p?-1
la, — wa,| <
if 4, <u<A,
(A-B)| (A- B) U-+Vv
(2p-1)| 2p-1)* 2@Bpz-1(A-B)
if =2,
where

U =(A-B)-4Bps+ A(3-9))
V =5(5-1)2AB + 2A%p)— (5(5 ~1))B?
5(B-A)Y4Bp +2(2p-1))+

(2p-1) 2 \_ 2
A= _| 5(5-1)(2AB +2A%p)-B? )+
3p*-1A-B) (3-5)A2—2AB

and
2p-1) S(A-B)4Bp-2(2p-1))-
%~ lp? —1(a-BY g(f;)li(ngz ;BZA P)-67)-

The results are sharp.

Proof: By definition of S *(p), we have

2 (p2) _ (1+ AW(Z)T -2

pf(z) \1+Bw(z)

By expending the series (2)
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1+(2p-1)a,z+(1-2p)aZ +(3p? ~1)a, 2% +
=1+5(A-B)c,z +
5(A-B)c, +5(B* - AB)?
[+§(§1)(AB)2cf ]Z o

...(3)

Comparing coefficients of (3)

_5(A_B)C1 and
27 2p-1
_(A-8ls
3 p _1
4Bp(B-A)
+(5-1)2A(B + Ap)-B?)

+(3-05)A? —2AB

+ &y
(3p2-1)2p-2)
...(4)

- a2| (32—)|Cz|+
4Bp(B — A)
+(5—1)2A(B + Ap)—B?)
+(3-5)A? —2AB
(Bp? -1)2p-2)
(A-B)
“ep-1”

o[

5(A B)
3p* -1
4Bp(B - A)
+(5-1)2A(B + Ap)-B?)
+(3-5)A? - 2AB _(A-B)
Br-12p-1)  (2p-17” .
(A-B)
3p?i-1
...(5)
Case 1: when
4Bps(B - A)
e 2(3p2(2_'ii:)_ 7| (6 -1)2A(B + Ap)-

+(3-5)A* -2AB

Inequality (5) can be rewritten as

. 6(A-B

a, _ﬂaz\s%+

4Bp(B - A)

+(5-1)2A(B+ Ap)-B?)

+(3-0)A% -2AB _(A-B)

Bp* -1f2p-1) (2p-1y g cf

_(A-B)

3p? -1

...(6)
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Sub case 1(a): When
. (2p-9)
~(3p* -1fA-B)’
5(B - A)4Bp +2(2p-1))+
5(5-1)(2AB + 2A%p)-B? )+ |,
(3—-5)A* —2AB

Then equation (6) can be rewritten as
5(A-B)
—_ a2l <
T

U+V (A-B)
2(3p? -1fA-B) (2p-1)

7,

Sub case 1(b): When
(2p-1)
(3p7 ~1)A-BY
5(B-A)4Bp+2(2p-1))+
5(6-1)(2AB +2A%p)-B2)+ | < u <
(3-5)A* -2AB

4BpS5(B-A)
+(5-1)2A(B+ Ap)-B?)
+(3-5)A*-2AB

(2p-1)
2(3p? -1fA-B)

then the equation (6) becomes
5(A-B)
3p® -1
...(8)

2
‘a3—,ua2‘S

Case 2: When
4BpS5(B-A)
us—2p-1) _| +(5-1)(2A(B+ Ap)-B?)
2(3p2 _1XA_ B) 2
+(3-5)A% - 2AB

5(A-B)

(2p-1)

2
‘aa _:uaz‘ =

U+V (A-B)
“2Bp2-1fA-B) (2p-1)”

...(9)
Sub case 2(a): When
S(A-B)4Bp-2(2p-1)-
5(5-1)(2AB + 2A%p)-B?)-
(3-5)A? +2AB

ey
ﬂ_@ﬁ—&A—Mz

Then the equation (9) becomes

A-B)| (A-B) U+V

i _
e [ e )

...(10)

Sub case 2(b): When
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4Bps(B - A)
+(5-1)2A(B + Ap)-B?)
+(3-5)A* -2AB

(2p-1)
2(3p2 -1)A-B)’

<u<

S5(A-B)4Bp-2(2p-1))-
(2p-1)

(3p° -1(A-B)

—(3-0)A% +2AB

Then the equation (9) becomes
S(A- B)

3p*

‘a —,uaz‘_ ..(11)
Combining the equations (7), (8), (10) and (11).

We get the Fekete Szego inequality for

S*(A,B, p,5) as

5(5-1)(2AB +2A%p)-B?)

(A-B)2(3p?—1) -
_ W+wnep-1
T (A-B)Bp*-D(2p-1)

And extremal function for second inequality is

2)=2{l+5(A- B)zz}ﬁ

Corollary 1: Putting A=1,B=-1,06=1 in the
theorem 2.1 we get

‘azz—yag‘g

2(2p+1) 4 . 2p-1

- f u< ;

Bt -t2p-1) (p-1p” " MTapia

2 i 21 <2p(2p 1)
3pi-1 ST

4 22p+1) > 20(2p-1)
(2p-1F [Bp*-1J2p-1) T 3pi-l

Which is the result obtained by [9].
Vv
(A-8)| 55ors |
(2p_1) 2(3p* -1 A-B) Corollary 2: Putting p=1 and
A—B
((2p 1)) A=1B=-16 =1 inthe theorem 2.1 we get
if u<A; 1
5(A-B) 3-4u if u<=
3p? -1 2’
a, _/uas‘ = _ 2 < H l
if 4, <pu<A, ‘ae’ ’uaz‘_l i 2 <u<l
4u—3 if u>1
(A-B)| (A- B) U+V
2p-1)| 2p-1)* 2@Bp° —1(A-B)
) hich is the result obtained by [8].
if u=24,
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